Abstract. We show that a sequence of algebraic zeros divisors having both small diagonals and small heights with respect to an adelic normalized weight g on the projective line over the separable closure of a product formula field k also has small Fekete sums with respect to g, and obtain a quantitative equidistribution of such a sequence towards the adelic measure associated to g. We apply these results to the roots divisors of the equations f n = a, n ∈ N, for rational functions f, a ∈ k(z) and the adelic dynamical Green function of f , and in complex dynamics we improve a bound on the rotation number of f on a rotation domain in case that f is defined over a number field.
Introduction
Let k be a field of any characteristic and k s the separable closure of k in the algebraic closure k of k. For each d ∈ N ∪ {0}, k[p 0 , p 1 ] d consists of all homogeneous elements in k[p 0 , p 1 ] of algebraic degree d. We are interested in an algebraic zeros divisor on P 1 (k), i.e., a zeros divisor (P ) on P 1 (k) represented by a possibly reducible homogeneous polynomial P (p 0 , p 1 ) in d∈N k[p 0 , p 1 ] d . A Galois conjugacy class on A 1 (Q) of an algebraic integer over Q and a roots divisor (f = a) on P 1 (k) for rational functions f, a ∈ k(z), f ≡ a, are typical examples of algebraic zeros divisors. Let us assume in addition that k is a product formula field. We generalize the adelic equidistribution theorem for a sequence of the Galois conjugacy classes on A 1 (k) of algebraic integers over a number field k having small heights due to Baker-Rumely [ [22] for arithmetic varieties), and its quantitative version due to Favre-Rivera-Letelier [8, Théorème 7] , to a sequence of algebraic zeros divisors on P 1 (k s ) having not only small heights but also small diagonals. The small diagonals condition in this generalization was hidden in the case of a Galois conjugacy class of an algebraic integer over k, since it was the set of all zeros in A 1 (k) of an irreducible element in k [z] . This generalization is suitable for studying the dynamics of a rational function f ∈ k(z), and will be applied to a quantitative study of rotation domains in complex dynamics.
Algebraic zeros divisor on P 1 (k). Let O(1) k be the hyperplane bundle over the projective line P 1 (k) over k. For each d ∈ N, O(d) k is the d times tensor product of O(1) k , and |O(d) k | is the complete linear system of divisors on P 1 (k) associated to O(d) k . For each d ∈ N, an element in |O(d) k | is identified with a zeros divisor (P ) on P 1 (k) represented by a homogeneous polynomial P ∈ k[p 0 , p 1 ] d ; see (2.2) for more details.
A zeros divisor on P 1 (k) is algebraic (over k) if it is represented by an element in d∈N k[p 0 , p 1 ] d , and is on P 1 (k s ) if its support is in P 1 (k s ).
Local notions on the Berkovich projective line. Let k be a field and K/k an algebraic and metric augmentation. A field of extension K/k is an algebraic and metric augmentation if K is algebraically closed and complete with respect to a non-trivial (and possibly non-archimedean) absolute value | · |. We fix an embedding of k to K. An algebraic zeros divisor (P ) on P 1 (k) is identified with a positive and discrete Radon measure w∈supp(P ) v w (P )δ w on the Berkovich projective line P 1 = P 1 (K), where the order v w (P ) of (P ) at each w ∈ supp(P ) equals the local degree deg w P of P at w (in an affine chart of P 1 (k) around w), and δ S is the Dirac measure on P 1 supported at a point S ∈ P 1 . For archimedean K, P 1 ∼ = P 1 (K); for more details on the Berkovich projective line, see Section 2.
A function g ∈ C 0 (P 1 ) is a continuous weight on P 1 if
is a probability Radon measure on P 1 . Here, Ω can is the Dirac measure at the canonical (or Gauss) point S can ∈ P 1 for non-archimedean K or the Fubini-Study area element ω on P 1 (K) normalized as ω(P 1 (K)) = 1 for archimedean K. The generalized Hsia kernel (S, S ′ ) → [S, S ′ ] can with respect to S can is, for non-archimedean K, an upper semicontinuous extension to P 1 × P 1 of the normalized chordal metric on P 1 (K), and for archimedean K, the normalized chordal metric itself, as convention. For a continuous weight g on P 1 , the g-kernel (the negative of an Arakelov Green function of µ g ) on P 1 is Φ g (S, S ′ ) := log[S, S ′ ] can − g(S) − g(S ′ ), and g is a normalized weight on P 1 if P 1 ×P 1 Φ g d(µ g ×µ g ) = 0. For every continuous weight g on P 1 , there is a unique normalized weight g on P 1 such that µ g = µ g (for more details, see Section 2). Let · be the maximal norm on K 2 for nonarchimedean K or the Euclidean norm on K 2 for archimedean K. For a normalized weight g on P 1 , a g-local height of a homogeneous polynomial P ∈ d∈N k[p 0 , p 1 ] d is H g (P ) :=
where the function S P := |P (·/ · )| on K 2 \ {0} descends to P 1 (K) and in turn extends continuously to P 1 ; for more details, see Lemmas 2.2 and 2.3. The g-Fekete sum over a Radon measure ν on P 1 is E g (ν) :=
Here, diag S is the diagonal in S × S for a set S as usual. By the discreteness of a Radon measure ν on P 1 , we mean that supp ν is a discrete (so finite) subset in P 1 . We say that a sequence (ν n ) of positive and discrete Radon measures on P 1 has small diagonals if lim n→∞ ν n (P 1 ) = ∞ and lim n→∞ ((ν n × ν n )(diag P 1 (K) ))/ν n (P 1 ) 2 = 0, (1.2) and is an asymptotically Fekete configuration on P 1 with respect to g if (ν n ) not only has small diagonals but also has small Fekete sums with respect to g in that
An asymptotically Fekete configuration (ν n ) on P 1 with respect to g equidistributes towards µ g in that
Product formula field and global notions. A field k is a product formula field in the sense of [3, Definition 7 .51] if k is equipped with • the set M k of all places of k, each of which is an equivalence class of a non-trivial valuation of k and • the mapping M k ∋ v → N v ∈ N such that denoting by | · | v a canonical absolute value of k in each place v ∈ M k , they satisfy the product formula: for every z ∈ k \ {0}, |z| v = 1 for all but finitely many v ∈ M k , and
A place v ∈ M k is finite (resp. infinite) if |·| v is non-archimedean (resp. archimedean). All but finitely many v ∈ M k are finite. For each v ∈ M k , there is a minimal algebraic and metric augmentation C v /k, which is isomorphic to C as normed fields if and only if v is infinite. We always fix an embedding of k to C v .
Convention.
We emphasize the dependence of a local quantity induced by | · | v on each v ∈ M k by adding the suffix v to it, e.g., Ω can on
Let k be a product formula field. A family g = {g v ; v ∈ M k } is said to be an adelic normalized weight if
• for every v ∈ M k , g v is a normalized weight on P 1 (C v ), and
For an adelic normalized weight g = {g v : v ∈ M k }, we set
which, by the product formula (PF), exists in [−∞, +∞) (see Lemma 6.1) and is independent of choices of a representative P ∈ d∈N k[p 0 , p 1 ] d of (P ). We say that a sequence ((P n )) of algebraic zeros divisors in P 1 (k) has small heights with respect to g if lim sup
Principal results. For the definition of the C 1 -continuity of a function φ on P 1 (C v ) and its Dirichlet norm φ, φ
is Lipschitz continuous with respect to the small model metric d v on P 1 (C v ), which is an extension of the normalized chordal metric [z, w] v on P 1 (C v ) as a metric on P 1 (C v ), and its Lipschitz constant is denoted by Lip(φ) v . An adelic normalized weight g is said to be Hölder continuous if for each v ∈ M k , g v is Hölder continuous on P 1 (C v ) with respect to d v ; for more details, see Section 2.
Our principal results are the following.
Theorem 1. Let k be a product formula field and k s the separable closure of k in k. Let g = {g v : v ∈ M k } be an adelic normalized weight. If a sequence ((P n )) of algebraic zeros divisors on P 1 (k s ) has both small diagonals and small heights with respect to g, then for every v ∈ M k , ((P n )) is an asymptotically Fekete configuration on P 1 (C v ) with respect to g v , and
Theorem 2. Let k be a product formula field and k s the separable closure of k in k. Let g = {g v : v ∈ M k } be a Hölder continuous adelic normalized weight. Then for every z 0 ∈ P 1 (k) and every v ∈ M k , there is C > 0 such that for every algebraic zeros divisor (P ) on P 1 (k s ) and every C 1 -continuous function φ on P 1 (C v ),
Kantorovich-Wasserstein metric. The space of all probability Radon measures on a metric space X is metrized by the Kantorovich-Wasserstein metric
for probability Radon measures ν, µ on X, where φ ranges over all Lipschitz continuous functions on X of Lipschitz constant 1. If v ∈ M k is infinite, or equivalently, C v ∼ = C as normed fields, then every Lipschitz continuous function on P 1 (C) with respect to a normalized chordal metric is approximated by C 1 -continuous functions on P 1 (C) in the Lipschitz norm, and for every C 1 continuous function φ on P 1 (C), φ, φ 1/2 ≤ Lip(φ). The following is a consequence of Theorem 2. Corollary 1. Let k be a product formula field and k s the separable closure of k in k. Let g = {g v : v ∈ M k } be a Hölder continuous adelic normalized weight, and let v ∈ M k be infinite and identify C v with C as normed fields. Then for every z 0 ∈ P 1 (k), there is C > 0 such that for every algebraic zeros divisor (P ) on P 1 (k s ),
Application to dynamics. Let k be a field. For distinct f, a ∈ k(z) satisfying deg f + deg a > 0, the roots divisor on P 1 (k) of the equation f = a is the algebraic zeros divisor
deg a are lifts of f, a, respectively (for the details, see section 2). Concretely, (f = a) =
is the multiplicity of w as a root of f = a.
Fix an algebraic and metric augmentation K/k and suppose that d :
the function T F n := log F n (·/ · ) descends to P 1 (K) and extends continuously to
is a normalized weight on P 1 and is Hölder continuous on (P 1 , d). The probability Radon measure µ f := µ g f on P 1 is called the equilibrium (or canonical) measure of f on P 1 . For more details, see Section 2. Suppose that k is a product formula field. The adelic dynamical Green function
Hölder continuous adelic normalized weight (see Lemma 2.5), and for every
Up to showing that the sequence ((f n = a)) has strictly small heights with respect to g f in that
(Lemma 9.1), Theorems 1 and 2 and Corollary 1 yield the following.
Theorem 3. Let k be a product formula field and k s the separable closure of k in k. Let f ∈ k(z) be of degree d > 1 and a ∈ k(z). Then the sequence ((f n = a)) of roots divisors on P 1 (k) has strictly small heights with respect to the adelic dynamical
) also has small diagonals and is on P 1 (k s ) for every n ∈ N large enough, then for every
Theorem 4. Let k be a product formula field and k s the separable closure of k in k. Let f ∈ k(z) be of degree d > 1 and a ∈ k(z). If the root divisor (f n = a) on P 1 (k) is on P 1 (k s ) for every n ∈ N large enough, then for every z 0 ∈ P 1 (k) and every v ∈ M k , there exists a constant C > 0 such that for every C 1 -continuous function φ on P 1 (C v ) and every n ∈ N large enough,
Corollary 2. Let k be a product formula field and k s the separable closure of k in k. Let f ∈ k(z) be of degree d > 1 and a ∈ k(z), and let v ∈ M k be infinite and identify C v with C as normed fields. If the root divisor (f n = a) on P 1 (k) is on P 1 (k s ) for every n ∈ N large enough, then for every z 0 ∈ P 1 (k), there exists a constant C > 0 such that for every n ∈ N large enough,
Remark 1.1. For a more precise result for constant a ∈ P 1 (k), see [16, Theorem 1] . In case that f ∈ C(z) of degree d > 1 and a ∈ C is constant, a quantitative equidistribution of ((f n = a)/(d n + deg a)) towards the equilibrium measure µ f of f for φ ∈ C 2 (P 1 (C)) is obtained by [6, Theorem 2 together with (4.2)].
We conclude this section by an application of our study to complex dynamics, which improves [13, Main Theorem 1] (see also [14, Theorem 3] ). A rotation domain or singular domain D of f ∈ C(z) of degree > 1 is by definition a domain in P 1 (C) such that f p for some p ∈ N restricts to a conformal automorphism of D, and then there is a holomorphic injection h :
where λ ∈ C has modulus one and is not a root of unity and is independent of choices of h. The constant λ is called the rotation number of f p on D; for more details, see [12, §16] .
In Section 2, we gather a background on dynamics and potential theory on P 1 , and in Section 3, we prepare an algebraic lemma. In Sections 4 and 5, we show key results (Theorems 6 and 7), respectively, and in Section 6, we show some lemmas on adelic heights. Theorem 6 might have its own interest. We show Theorems 1 and 2 in Sections 7 and 8, which are our principal results. In Section 9, we see (1.5) and Theorems 3 and 4. In Section 10, we show Theorem 5.
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Background on potential theory and dynamics
For the foundation of the potential theory on the (Berkovich) projective line, see [3] , [9] , [10] , and [21, III §11].
Let k be a field and K/k an algebraic and metric augmentation. The field K (or | · |) is non-archimedean if it satisfies the strong triangle inequality |z + w| ≤ max{|z|, |w|}, z, w ∈ K, and is archimedean if it is not non-archimedean. Under the assumption that K is algebraically closed, the norm | · | is archimedean if and only if K ∼ = C as normed fields. The Berkovich projective line P 1 (K) gives a compactification of P 1 (K) and contains P 1 (K) as a dense subset, and is isomorphic to the (classical) projective line P 1 (K) for archimedean K. Let · be the maximal norm (for non-archimedean K) or the Euclidean norm (for archimedean K) on K 2 . The origin of K 2 is also denoted by 0, and π is the canonical projection
Generalized Hsia kernel. Let Ω can be the Dirac measure at the canonical (or Gauss) point
For non-archimedean K, with respect to S can , the normalized chordal metric on P 1 (K) canonically extends to the generalized Hsia kernel [S, S ′ ] can on P 1 with respect to S can (for the construction, see [3, §4.4] , [9, §2.1]), which is an upper semicontinuous function on P 1 × P 1 and separately continuous in each variables S, S ′ ∈ P 1 , and vanishes if and only if (S,
Potential theory on P 1 . Let ∆ be the Laplacian on P 1 (for the construction in non-archimedean case, see [3, §5] , [7, §7.7] , [20, §3] ), and normalize it so that for each S ∈ P 1 ,
the opposite sign convention on ∆ is adopted). For a continuous weight g on P 1 , which is by definition a continuous function on P 1 such that µ g := ∆g + Ω can is a probability Radon measure on P 1 , the g-potential kernel (the negative of an Arakelov Green function of µ g )
on P 1 is an upper semicontinuous function on P 1 × P 1 and separately continuous in each variables S, S ′ ∈ P 1 , and introduces the g-potential
on the space of all probability Radon measures on
and it is known that
and that the function g := g + V g /2 is a unique normalized weight on
. For a continuous weight g on P 1 , the g-Fekete sum over a Radon measure ν on
The following elementary fact is fundamental.
Lemma 2.1. If a sequence (ν n ) of positive and discrete Radon measures on P 1 has small diagonals as (1.2), then for every continuous weight g on P 1 , we have
) 2 and that the weak limit ν := lim j→∞ ν nj /(ν nj (P 1 )) exists on P 1 and is a probability Radon measure on P 1 . By the upper semiconti-
.g., [3, Lemma 7 .54]), and
Lemma 2.2. The function S P := |P (·/ · )| on K 2 \ {0} descends to P 1 (K) and in turn extends continuously to P 1 .
Proof. By the homogeneity of P , S P := |P (·/ · )| descends to P 1 (K). Taking a log of the absolute values of both sides of (2.2), by the definition (2.1) of [z, w] and that of [S, S ′ ] can , we have
on P 1 (K), and the (exp of the) right hand side extends S P continuously to P 1 .
Lemma 2.3. For every normalized weight g on P 1 ,
Proof. By the definition of Φ g , the equality (2.3) on P 1 yields
Integrating both sides against dµ
Rational function. Each φ ∈ K(z) extends to a continuous endomorphism of P 1 , which is surjective, open, and discrete if deg φ > 0, and induces a push-forward φ * and a pullback φ * on the spaces of continuous functions and of Radon measures on
and that F −1
for the definition of it, see, e.g, [18, §2.4] . The lift F φ of φ is unique up to a multiplication in K \ {0}, and has the same algebraic degree as that of φ, i.e.,
n is a lift of φ n , and the function
on K 2 \ {0} descends to P 1 (K) and in turn extends continuously to P 1 , satisfying
The function g F φ is a continuous weight on P 1 . The equilibrium (or canonical) measure of φ is the probability Radon measure
which is independent of choices of F φ and satisfies φ * µ φ = µ φ . The dynamical Green function g φ of φ on P 1 is a unique normalized weight on P 1 such that µ g φ = µ φ . A remarkable energy formula
was first established in [5] for archimedean K and generalized to C v for number fields in [2] . For a simple proof of (2.7) which also works for general K, see [1, Appendix A] or [17, Appendix] . In particular,
Small model metric d on P
1 . The small model metric d on P 1 is an extension of the normalized chordal metric on P 1 (K) as a metric on
, for non-archimedean K or the normalized chordal metric on P 1 (K) itself for archimedean K. The metric topology on P 1 induced by d is strictly finer than the topology of P 1 for non-archimedean K. Each φ ∈ k(z) is Lipschitz continuous as an endomorphism of the metric space (
. This fact plays a key role in the proof of Corollary 4.
Adelic normalized weight. For the definition of a product formula field
The proof of the following is based not only on the product formula (PF) but on the elimination theory (and the strong triangle inequality).
Theorem 2.4 ([2, Lemma 3.1])
. Let k be a product formula field. For every φ ∈ k(z) and every lift
The family g f in the following is called the adelic dynamical Green function of f . Lemma 2.5. Let k be a product formula field and f ∈ k(z) of degree > 1. Then the family
, where p ∈ π −1 (z), and by the continuity of T F n ,v on P 1 (C v ) and the density of
. The Hölder continuity of g f is already mentioned above.
A preparatory algebraic lemma
Let k be a field. For an algebraic zeros divisor (P ) on P 1 (k), we set
be a sequence in k 2 \ {0} giving a factorization (2.2) and satisfying a normalization with respect to a distinguished w 0 ∈ supp(P ) so that for each j ∈ {1, 2, . . . , deg(P )},
Let L(P (1, ·) ) the coefficient of the maximal degree term of
and
Proof. For a while, we do not normalize the sequence (q
For each j ∈ {1, 2, . . . , deg P },
On the other hand,
so by (3.6) and (3.5),
From now on, we normalize the sequence (q P j ) so that the normalization (3.2) holds with respect to a distinguished w 0 ∈ supp(P ).
Let us first show (3.3). If w 0 = ∞, then by (3.7) and (3.2), L(P (1, ·)) = j:zj =∞ (q P j ∧ (−1, 0)) × 1, which implies (3.3) in this case. If w 0 = ∞, then by (3.7) and (3.2),
which implies (3.3) in this case.
We next show (3.4). If w 0 = ∞, then by (3.2) and (3.3), the equality (3.8) yields
which implies (3.4) in this case. If w 0 = ∞, then by (3.2) and (3.3), the equality (3.8) yields
which implies (3.4) in this case.
A key result
Let k be a field and k s the separable closure of k in k.
Lemma 4.1. For every algebraic zeros divisor (P ) on
This is a consequence of the following general statement.
for some a ∈ k \ {0} and some
Proof. For a whole, we do not assume {z 1 , . . . , z m } ⊂ k s .
There exists the set {p 1 (z), p 2 (z), . . . , p N (z)} of all mutually distinct, non-constant, irreducible, and monic factors of
for some s ℓ ∈ N, ℓ ∈ {1, 2, . . . , N }. For every ℓ ∈ {1, 2, . . . , N }, by the irreducibility
, which yields d i = s ℓ(i) for every i ∈ {1, 2, . . . , m}. For every distinct ℓ, n ∈ {1, 2, . . . , N },
. Hence for every ℓ ∈ {1, 2, . . . , N },
holds since by (4.2) and (4.1),
Now the proof is complete.
Another key result
Theorem 7. Let k be a field and K/k an algebraic and metric augmentation. Then for every P ∈ d∈N k[p 0 , p 1 ] d and every normalized weight g on
where D((P )|k) is defined in (3.1) and L(P (1, ·)) ∈ k \ {0} is the coefficient of the maximal degree term of
Theorem 7 reduces to the following.
Lemma 5.1. Let k be a field and K/k an algebraic and metric augmentation. Let
deg P j=1 be a sequence in k 2 \{0} giving a factorization (2.2) and satisfying the normalization (3.2) with respect to a distinguished w 0 ∈ supp(P ), and set z j := π(q
Under the normalization (3.2) with respect to w 0 , by (3.4),
Using (2.4), we have
This completes the proof of (5.2). Under the normalization (3.2) with respect to w 0 , by (3.2) and (3.6) and the triangle inequality, we have
By the above estimate and (3.3), we have
which completes the proof of (5.3).
Lemmas on adelic heights
We need the following existence of the sum in (1.3).
Lemma 6.1. Let k be a product formula field. Then for every adelic normalized weight g = {g v ; v ∈ M k } and every algebraic zeros divisor (P ) on P 1 (k), the sum h g ((P )) in (1.3) exists in [−∞, +∞).
representative of (P ). For each i, j ∈ N ∪ {0} satisfying i + j = deg P , if a i,j = 0, then by the product formula (PF), there is a finite set
:i+j=deg P and ai,j =0 E i,j , which is still a finite set. For every v ∈ M k \ E P , the strong triangle inequality yields
Lemma 6.2. Let k be a field and K/k an algebraic and metric augmentation. Let g be a normalized weight on P 1 , and let b ∈ PGL(2, k), i.e, b ∈ k(z) of degree 1. Then there exists a unique normalized weightg
Proof. Let B ∈ GL(2, k) be a lift of b. Then b * g + T B is a continuous weight on P 1 and satisfies µ
where p ∈ π −1 (z), q ∈ π −1 (w). By the density of P 1 (K) in P 1 and the separate continuity of [S,
The following is needed in the proof of Theorem 2.
Lemma 6.3. Let k be a product formula field. Then for every adelic normalized weight g and every b ∈ PGL(2, k), there exists an adelic normalized weight
, and for every algebraic zeros divisor (P ) on P 1 (k), b * (P ) is also an algebraic zeros divisor on P 1 (k) and satisfies
Proof. Let g = {g v ; v ∈ M k } be an adelic normalized weight and let b ∈ PGL(2, k). Let E g be a finite set such that g v ≡ 0 on 
is the unique normalized weight on
. By the density of P 1 (K) in P 1 and the continuity of g
is also an algebraic zeros divisor on P 1 (k). For every v ∈ M k and for every
where p ∈ π −1 (z). By the density of P 1 (C v ) in P 1 (C v ) and the continuity of the (exp of the) both sides on
. By this equality and the product formula (PF),
which completes the proof.
Proof of Theorem 1
Let k be a product formula field and k s the separable closure of k in k. Let g = {g v ; v ∈ M k } be an adelic normalized weight and E g a finite set in M k such that for every v ∈ M k \ E g , g v ≡ 0 on P 1 (C v ). Let ((P n )) be a sequence of algebraic zeros divisors on P 1 (k s ). For each n ∈ N, choose a representative P n ∈ d∈N k[p 0 , p 1 ] d of (P n ), and let L(P n (1, ·)) ∈ k \ {0} be the coefficient of the maximal degree term of P n (1, z) ∈ k[z].
Fix v 0 ∈ M k . We can choose a sequence (n j ) in N tending to ∞ as j → ∞ so that
by Lemma 2.1, and for every v ∈ M k \ E g and every j ∈ N, E gv ((P nj ))/ deg(P nj ) 2 ≤ sup P 1 (Cv)×P 1 (Cv ) Φ gv ≤ 2 sup P 1 (Cv ) |g v | = 0. Since #E g < ∞, these estimates show the claim.
By this claim, Fatou's lemma with (7.2) and (7.1) yields
By the estimate (5.1) applied to E gv ((P nj )) for each v ∈ M k and each j ∈ N, we have
and in the right hand side, the first term vanishes by the product formula (PF) since L(P nj (1, ·)) ∈ k \ {0} and, under the assumption that (P nj ) is on
Under the assumption that ((P n )) has both small diagonals and small heights with respect to g, this yields lim sup j→∞ v∈M k N v E gv ((P nj ))/ deg(P nj ) 2 ≥ 0, which (7.3) implies that lim n→∞ E gv 0 ((P n ))/ deg(P n ) 2 = 0, i.e., that ((P n )) has small Fekete sums with respect to g v0 . Now the proof of Theorem 1 is complete.
Proof of Theorem 2
Let k be a field and K/k an algebraic and metric augmentation. Fix an affine chart of P 1 (K). The Hsia kernel |S − S ′ | ∞ on the Berkovich affine line
From its definition, [z] ǫ has no atoms in P 1 (K) and satisfies
By [8, Lemmes 2.10, 4.11 and their proofs], for every z, w ∈ K and every ǫ > 0,
where C abs ≤ 0 is an absolute constant.
For every discrete measure ν on P 1 whose support is in K, set
Let g be a normalized weight on P 1 . Then
, and for every C 1 -continuous function φ on P 1 and every ǫ > 0, (8.5)
Proof. For every C 1 -continuous function φ on P 1 and every ǫ > 0,
By diam d (P 1 ) = 1, the first term in the right hand side is estimated as
and by (8.2) and (8.1), the second one is as
By the Cauchy-Schwarz inequality ( [8, (32) and (33)]), the final term is estimated as
and moreover, since [(P )|k] ǫ and µ g have no atoms on P 1 (K) and U g,µ g ≡ 0 on P 1 , by (8.4),
, which completes the proof. Lemma 8.3. If g is 1/κ-Hölder continuous on P 1 for some κ ≥ 1 and has the 1/κ-Hölder constant C(g) ≥ 0, then for every ǫ ∈ (0, 1),
Proof. For every ǫ > 0, since [(P )|k] ǫ has no atoms on
By (8.3), the first term in (8.6) is estimated as
We claim that for every
This with the density of K in A 1 and the continuity of S → [S, ∞] can and S → |S − w| ∞ on A 1 shows the claim. Under the 1/κ-Hölder continuity assumption on g, by this claim and (8.1),
and moreover,
Hence the second term in (8.6) is estimated as
which with (8.7) completes the proof.
Lemma 8.4.
Here L(P (1, ·)) ∈ k \ {0} is the coefficient of the maximal degree term of
Proof. Let (q P j )
deg P j=1 be a a sequence in k 2 \ {0} giving a factorization (2.2) of P and satisfying the normalization (3.2) with respect to a distinguished w 0 ∈ supp(P ). set z j := π(q P j ) ∈ P 1 (k) for each j ∈ {1, 2, . . . , deg P }. Suppose first ∞ ∈ supp(P ). Then in particular w 0 = ∞. Under the normalization (3.2) with respect to w 0 , by (3.3), we have
Since E g ((P )|k) = E g ((P )) under the assumption ∞ ∈ supp(P ), by (5.2) and the above equality,
This completes the proof in the this case since (P )({∞}) = 0 and (P )(k) = deg P . Suppose next ∞ ∈ supp(P ). Then we set w 0 = ∞. Under the normalization (3.2) with respect to w 0 = ∞, if z j = ∞, then by |q
under the assumption ∞ ∈ supp(P ), by (5.2) and the above two equalities,
where the final equality is by (2.4) . This completes the proof in this case since (P )({∞}) = deg ∞ P and (P )(k) = deg P − deg ∞ P .
Global estimates. Now let k be a product formula field and k s the separable closure of k in k. Let g = {g v ; v ∈ M k } be an adelic normalized weight, and E g be a finite set in M k such that for every v ∈ M k \ E g , g v ≡ 0 on P 1 (C v ). Let (P ) be an algebraic zeros divisor on P 1 (k s ).
be the coefficient of the maximal degree term of P (1, z) ∈ k[z], and D((P )|k) the constant defined in (3.1).
Applying Lemma 8.4 to each v ∈ M k , the right hand side is computed as
,
The first term in the right hand side vanishes by the product formula (PF) since L(P (1, ·)) ∈ k \ {0} and, under the assumption that (P ) is on
Suppose in addition that g is Hölder continuous, i.e., for every v ∈ M k , g v is 1/κ v -Hölder continuous on (P 1 (C v ), d v ) for some κ v ≥ 1 and has the 1/κ v -Hölder constant C(g v ) ≥ 0. Lemma 8.6. For every v 0 ∈ M k and every ǫ ∈ (0, 1),
. By Lemma 8.3 applied to each v ∈ E g ∪ {v 0 }, the right hand side is estimated as
which with Lemma 8.5 completes the proof.
Let us complete the proof of Theorem 2. For every v 0 ∈ M k and every C 1 -continuous function φ on P 1 (C v0 ), by Lemmas 8.2 and 8.6, setting ǫ = 1/ deg(P ) 2κv 0 , we have
, so there is C > 0 independent of (P ) and φ such that
which completes the proof of Theorem 2 in the case z 0 = ∞.
is also an algebraic zeros divisor on
We apply Theorem 2 to g b in the case z 0 = ∞, which is already shown in the above. Then for every v ∈ M k , there exists C ′ > 0 independent of (P ) such that for every C 1 -continuous function φ on P 1 (C v ),
This completes the proof of Theorem 2 by setting
9. Proof of Theorems 3 and 4
Lemma 9.1. Let k be a product formula field. Let f, a ∈ k(z) and suppose that deg f > 1. Then ((f n = a)) has strictly small heights with respect to g f in that (1.5) holds.
deg a be lifts of f, a, respectively. Let E F , E A be finite subsets in M k obtained by applying Theorem 2.4 to F, A, respectively. For every v ∈ M k and every
the right hand side of which vanishes if v ∈ E F ∪ E A (see the proof of Lemma 2.5). Since Res F ∈ k \ {0}, by the product formula (PF), we have
where the order estimate follows by the uniform estimate (2.6) and #(E F ∪ E A ) < ∞.
Once Lemma 9.1 is at our disposal, Theorems 3 and 4 follows from Theorems 1 and 2, respectively.
Proof of Theorem 5
A rotation domain or singular domain D of f ∈ C(z) of degree > 1 is by definition a domain in P 1 (C) such that f p for some p ∈ N restricts to a conformal automorphism of D. Then f p |D is conformally conjugate to a rotation w → λw, on an annulus or a disk, where λ ∈ C has modulus one and is not a root of unity, and is independent of choices of the conformal conjugacy of f p to the rotation. In particular, f p has at most one periodic point in D. The constant λ is called the rotation number of f p on D; for more details, see [12, §16] . The following is shown after preparing a lemma. as n → ∞.
For a while, set k = K = C and let f ∈ C(z) of degree d > 1.
Lemma 10.1 (cf. [19, (1.4) ]). For every n ∈ N and every w ∈ P 1 (C),
Proof. Both sides differ by a constant on P 1 (C) since by f
and P 1 (C) is compact. By the Fubini theorem,
which vanishes since U g f ,µ f ≡ 0 on P 1 . This completes the proof.
Proof of Theorem 8. By Lemma 10.1, for every w ∈ P 1 (C), since Φ g f (w, ·) = log[w, ·] − g f (w) − g f (·), Φ g f (f n (w), w) =
and the second and third terms in the right hand side are independent of w. Fixing w 0 ∈ D 0 not periodic under f and w 1 ∈ D 1 , we have
We note that sup P 1 (C) |g f | < ∞. Since {f n (w 0 )} ⊂ D 0 and f |D 0 is conformally conjugate to w → λw, Φ g f (f n (w 0 ), w 0 ) = log[f n (w 0 ), w 0 ] − g f (f n (w 0 )) − g f (w 0 ) = log |λ n − 1| + O(1)
as n → ∞, and by {f n (w 1 ) : n ∈ N} ⊂ D 0 and w 1 ∈ D 0 , we have Φ g f (f n (w 1 ), w 1 ) = log[f n (w 1 ),
as n → ∞.
Lemma 10.2. sup n∈N max w∈supp(f n =Id) (f n = Id)({w}) < ∞ and ((f n = Id) × (f n = Id))(diag P 1 (C) ) = O(d n ) as n → ∞.
In particular, ((f n = Id)) has small diagonals.
Proof. By the Fatou finiteness theorem (see, e.g., [12, §13] ), f has at most finitely many multiple periodic points w in that for some n ∈ N, w is a (parabolic) fixed point of f n satisfying (f n = Id)({w}) > 1, or equivalently, (f n ) ′ (w) = 1. Fix a multiple fixed point w ∈ P 1 (C) of f n for some n ∈ N. Let n 1 (w) be the least m ∈ N for which w is a multiple fixed point of f m . Then n 1 (w) divides n, and there exists C ∈ C \ {0} such that f n1(w) (z) = z + C(z − w) as n → ∞.
Let now f ∈ Q(z) of degree d > 1 and choose a fixed point z 0 ∈ P 1 (Q) of f . There is a number field k such that f ∈ k(z) and z 0 ∈ P 1 (k). Fixing an infinite v ∈ M k , C v ∼ = C as normed fields, and from now on, we omit the suffices v from the quantities. Since ((f n = a)) has small diagonals by Lemma 10.2, Theorem 3 yields lim n→∞ (f n = Id)/(d n + 1) = µ f weakly on P 1 (C) (, which is well-known by Lyubich [11, Theorem 3] ). In particular, supp µ f ⊂ n∈N supp(f n = Id).
Let us complete the proof of Theorem 5. Suppose that f has a rotation domain D 0 in P 1 (C) satisfying f (D 0 ) = D 0 , and let λ be the rotation number of f on D 0 , and D 1 a component of f −1 (D 0 ) other than D 0 . Fix w 0 ∈ D 0 not periodic under f and w 1 ∈ D 1 . Then {w 0 , w 1 } ⊂ P 1 (C) \ n∈N supp(f n = Id). For each i ∈ {0, 1}, w → log[w i , w] is a smooth function on P 1 (C) \ {w i } and has a logarithmic pole at w i , so we can modify w → log[w i , w] smoothly on a relatively compact neighborhood of w i in P 1 (C) \ n∈N supp(f n = Id), and obtain a smooth function φ i on P 1 (C) satisfying
The right hand side is O( √ nd n ) as n → ∞ by Theorem 4 and Lemma 10.2. Now the proof of Theorem 5 is complete by Theorem 8.
